Abstract. We study the magnetohydrodynamics system, generalized via a fractional Laplacian. When the domain is in N −dimension, N being three, four or five, we show that the regularity criteria of its solution pair may be reduced to (N − 1) many velocity field components with the improved integrability condition in comparison to the result in [29] . Furthermore, we extend this result to the three-dimensional magneto-micropolar fluid system.
Introduction and Statement of Theorems
We study the generalized magnetohydrodynamics (MHD) system: ∂u ∂t 
where u : R N × R + → R N , b : R N × R + → R N , π : R N × R + → R are the velocity, magnetic and pressure fields respectively and the parameters ν, η > 0 represent the kinematic viscosity and diffusivity constants respectively. We also denote by Λ := (−∆) 1 2 the fractional Laplacian defined via Fourier transform of Λ 2γ f (ξ) = |ξ| 2γf (ξ), γ ∈ R + . We also study the magneto-micropolar fluid (MMPF) system:
∂w ∂t + (u · ∇)w = µ∆w − 2χw + (α + β)∇divw + χ(∇ × u),
The author expresses gratitude to Professor Jiahong Wu and Professor David Ullrich for their teaching and Professor Yong Zhou for sharing [13] . where w : R 3 × R + → R 3 is the micro-rotational velocity, χ the vortex viscosity, α, β, µ the spin viscosities, all of which we assume to be positive. Let us hereafter write ∂ t for ∂ ∂t and ∂ i for ∂ ∂xi , i = 1, . . . , N . Concerning the MHD system (1a)-(1c), it describes the motion of electrically conducting fluids and plays a fundamental role in astrophysics, geophysics, plasma physics and other applied sciences. It was shown that in both cases N = 2, 3, γ = 1, the MHD system possesses at least one global L 2 -weak solution for any initial data u 0 , b 0 ∈ L 2 (R N ); moreover, in case N = 2, γ = 1, the global existence of strong solution is well-known (cf. [20] ). In fact, in the case N = 2, very recently we have seen many interesting progress (e.g. [7] and references therein). However, the global regularity issue of the solution pair in the case N ≥ 3, γ < N 2 remains open (cf. [22] , [23] , [27] ). In fact, because the system at b ≡ 0, γ = 1 is reduced to the classical Navier-Stokes equations (NSE), the global regularity issue of the MHD system is extremely challenging.
Concerning the MMPF system (2a)-(2d), at χ = 0, w ≡ 0 it reduces to the MHD system (1a)-(1c) and at b ≡ 0 it reduces to the micropolar fluid (MPF) system. Introduced in [8] , the micropolar fluids represent the fluids consisting of bar-like elements, e.g. anisotropic fluids, such as liquid crystals made up of dumbbell molecules and animal blood (cf. [16] ). The actual MMPF system (2a)-(2d) was considered in [1] in which the authors obtained a Serrin-type stability criteria. In [19] and [17] the authors obtained local existence of unique weak solution and extended to be global under the small initial data conditions. (cf. [10] , [12] , [24] ).
Ever since the work in [21] and [2] , the study of sufficient condition for the smoothness of the weak solution and a blow-up criterion has caught much attention (e.g. [4] , [34] for the NSE, [35] for the MHD system, [9] , [32] for the MMPF system). In particular the author in [30] obtained a regularity criteria for the solution to the MMPF system that depends only on u, following the work of [11] and [33] on the MHD system. Recently component reduction results of such criteria has also caught much attention (e.g. [18] for the NSE, [6] for the MHD system and [25] , [26] for active scalars). Although extending the one velocity component regularity criteria of the three-dimensional NSE (e.g. [5] ) to the three-dimensional MHD system seems very challenging, very recently in [29] , the author showed that in case N = 3, γ = 1, the solution to the MHD system (1a)-(1c) admits a two velocity components regularity criteria.
The purpose of this manuscript is three-fold. Firstly, we improve the integrability condition from [29] significantly (cf. (4)-(6) below). In case of the fully generalized MHD system with the diffusive term −η∆b replaced by ηΛ
Thus, improving this upper bound of the integrability condition is extremely important. Furthermore, we extend the criteria to the generalized MHD system in higher dimension and also to the MMPF system:
is a solution to the MHD system (1a)-(1c) for a given 2 ) and that ∃ C 0 ≥ 0 so that for
Then (u, b) remains in the same class (3) on [0, T ] for some T > T .
and that and
is a solution to the MMPF system (2a)-(2d) and ∃ C 0 ≥ 0 so that
Then (u, w, b) remains in the same class (8) on [0, T ] for some T > T . Remark 1.1.
(1) Our improvements were inspired by the work in [13] and also due to the extension of Lemma 2.1 below. In comparison to the Proposition 3.1 of [29] , we not only generalized it to N -dimension but also made the decomposition of the four non-linear terms applicable to ∇u
Concerning Theorem 1.3, because w is not divergence-free, it seems difficult to extend Lemma 2.1 to include the (u · ∇)w · ∆w term, which is the key step in the proof. We overcome this difficulty by estimating w separately.
(2) For the three-dimensional MHD system, e.g. in [3] the authors obtained a regularity criteria in terms of u 2 , u 3 , b 2 and b 3 while our results have dropped conditions on b 2 and b 3 completely. Similarly for the three-dimensional MMPF and the MPF systems, in comparison to many previous results, we have dropped the condition on u 1 completely (e.g. [31] for the MPF system). (3) To the best of the author's knowledge, there is no component reduction result of the regularity criteria for the NSE or the MHD system in dimension higher than three, for example that depends only on u N of u = (u 1 , . . . , u N ).
The difficulty lies in extending decomposition such as the Lemma 2.3 of [15] to higher dimension while we have been able to extend Lemma 2.1 of the current manuscript to dimension N ≥ 2.
In the Preliminaries, we set up notations and state key lemmas. By the standard argument of continuation of local theory, we only need to show H s -bounds. We prove Theorems 1.1 and 1.2 and leave the proofs of Theorem 1.3, Lemmas 2.1 and 2.2 in the Appendix.
Preliminaries
Throughout Sections 3, 4 and 5, we shall assume ν, η = 1 while in the Appendix, ν = χ = 1 2 , η = µ = 1 for simplicity. We write A a,b B when there exists a constant c ≥ 0 of significant dependence only on a, b such that A ≤ cB, similarly A ≈ a,b B in case A = cB. We also denote
Taking L 2 -inner products of (1a)-(1b) with u, b respectively, integrating in time and using the incompressibility conditions of u, b gives
of which its immediate consequence due to Gagliardo-Nirenberg and Hölder's inequalities is that ∀γ ≥ 1,
2 ). We first consider the case p l < ∞. We take L 2 -inner products with −∆u and −∆b on (1a)-(1b) respectively and apply Lemma 2.1 to obtain
Now we fixp
the range ofp l is due to (4). We estimate
by Hölder's inequalities, the Sobolev embedding ofḢ
, GagliardoNirenberg and Young's inequalities all justified by (4). Next,
by Hölder's inequalities, continuity of Riesz transform in L p , p ∈ (1, ∞), GagliardoNirenberg and Young's inequalities. Similarly,
5−2γ (R 3 ) and Young's inequalities. Applying (13)- (15) in (11), we obtain after absorbing dissipative and diffusive terms and integrating in time using (10)
Now we use (10), Lemma 2.2 justified by (12) and Hölder's inequalities to further bound the last line of (16) by
Gronwall's inequality with (4) and (5) completes the H 1 -estimate for the proof of Theorem 1.1 in case γ ∈ (1,   3 2 ), p l < ∞. Now we consider the case p l = ∞. We estimate from (11) again,
by Hölder's, Gagliardo-Nirenberg and Young's inequalities. Others are similar:
and
Therefore, by (11) , (18)- (20) and Young's inequalities we obtain
X(t).
Integrating in time we obtain by the same procedure of applying (10), Lemma 2.2 and Hölder's inequality as we did in (16)- (17),
Thus, by Gronwall's inequality with (6), the H 1 -estimate for the proof of Theorem 1.1 in case γ ∈ (1, 2 ) and simpler; we sketch it for completeness. We first consider the case p l < ∞; i.e. 6 < p l < ∞. We firstly have as before in (11)
We fix thep l from (12) again so thatp l ∈ (3, 6). Similar estimates of Hölder's, Gagliardo-Nirenberg and Young's inequalities in (13) lead to
Similarly to (14)- (15) we can obtain
Using (21)- (24) integrating in time, applying Lemma 2.2 justified by (12), (10) and Hölder's and Young's inequalities as we did in (16)- (17) give
By (4)- (5) and Gronwall's inequality, the H 1 -estimate for the Theorem 1.1 in case γ = 1, p l < ∞ is complete.
Now we consider the case p l = ∞. From (21), similar estimates as in (18)- (19) with Hölder's and Young's inequalities lead to
Additionally using Gagliardo-Nirenberg inequalities, we can also obtain
as done in (20) . Thus, from (21), (25)- (26) integrating in time and using Lemma 2.2 and Hölder's inequality again as we did in (16)-(17) lead to
Gronwall's inequality and (6) complete the H 1 -estimate for Theorem 1.1.
H 1 -estimates for Proof of Theorem 1.2
We estimate as before, taking L 2 -inner produces of (1a)-(1b) with −∆u, −∆b respectively to obtain
by Lemma 2.1. We estimate
by Hölder's, Gagliardo-Nirenberg and Young's inequalities. Similarly,
X by Hölder's and Gagliardo-Nirenberg inequalities, the Sobolev embedding ofḢ
N −2γ+2 (R N ) and Young's inequalities. Thus, from (27)- (29), integrating in time using Young's inequalities, applying (10), Lemma 2.2 and Hölder's inequality as done in (16)- (17) give
Hence, Gronwall's inequality with (7) completes the H 1 -estimate for Theorem 1.2.
H s -estimates for Proofs of Theorems 1.1 and 1.2
We apply Λ s on (1a)-(1b), take L 2 -inner products with Λ s u, Λ s b respectively to obtain
due to the incompressibility of u and b. We now bound this by
where we used Hölder's, inequalities, Lemma 2.3, Gagliardo-Nirenberg inequalities, the Sobolev embeddings ofḢ 
We take L 2 -inner products with −∆u and −∆b in (2a), (2c) respectively, sum and then apply Lemma 2.1 as we did in (11) to obtain
We estimate the last term by Hölder's and Young's inequalities
so that after absorbing the dissipative term, we have with (32)
We first consider the case p l ∈ (6, ∞). Denotep l as in (12) so thatp l ∈ (3, 6). We have from (22)- (24) 
Thus, in sum of (33), (34) , integrating in time and applying (31), Lemma 2.2 justified asp l ∈ (3, 6) and Hölder's inequality as done in (16)- (17) give
Gronwall's inequality with (9) implies the H 1 -bound of u, b in case p l < ∞. For the case p l = ∞, we have from (25)- (26) 
Thus, considering (35) in (33), absorbing, integrating in time and applying (31), Lemma 2.2 and Hölder's inequality as we did in (16)- (17) lead to
This implies the H 1 -bound of u, b in case p l = ∞. Thus, we obtain
Next, we take L 2 -inner products of (2b) with −∆w to obtain
by Hölder's, Gagliardo-Nirenberg and Young's inequalities and (36). Absorbing, we obtain by (31), (36) and Gronwall's inequality
Finally, taking L 2 -inner products of (2a)-(2c) with Λ 2s u, Λ 2s w, Λ 2s b, setting up using the incompressibility of u and b as done in (30), we obtain
by Hölder's inequalities, Lemma 2.3, Gagliardo-Nirenberg inequalities, the Sobolev embedding ofḢ
, (36)-(37) and Young's inequalities. Gronwall's inequality with (36)-(37) completes the proof of Theorem 1.3.
6.2. Proof of Lemma 2.1. The proof of Lemma 2.1 is similar to that of Proposition 3.1 in [29] . We integrate by parts using incompressibility conditions to obtain
|b l |(|∇u||∇ 2 b| + |∇b||∇ 2 u|) + |u l ||∇b||∇ 2 b|
We do the second and fourth terms together:
|u l ||∇b||∇ 2 b| + |b l |(|∇b||∇ 2 u| + |∇ 2 b||∇u|).
6.3. Proof of Lemma 2.2. We sketch this proof referring to [28] - [29] for details. 
by integration by parts and Young's inequality. Absorbing the diffusive term, Hölder's inequalities and Sobolev embedding ofḢ
Dividing by b l p−2 L p and integrating in time, we obtain the desired result. In case p = 2N N −2 , we choose a simpler Hölder's inequality on (38) to obtain
Dividing by b l p−2 L p and integrating in time leads to the desired result.
